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ABSTRACT 
The thermal  conditions  in  the  lunar  surface  are  considered 
on a  gross  scale  in  terms  of  models  with  temperature-dependent  thermal 
properties,  including  radiative  enerqy  transport.  Asreement is obtained 
with  infrared  measurements  of cold terminator  temperatures  and  radio 
lunation  data at millimeter  wavelengths  for  a  range  of  postulated  parameters 
of  the  surface  material. The observed  increase o €  mean  radio  brightness 
temperature  with  wavelength  is  interpreted  as due to  radiative  energy 
transport  and  the  resultant  nonlinearity  of  the  heat-conduction  equation, 
rather  than to a  large  radioactive  heat  flux. 
The postulated  existence o f  radiative  enerpy  transport is 
consistent  with  a  porous or frothy  medium,  in  agreement  with  photometric 
and  laboratory  simulation  experiments,  as  well  as  with  recent  radar 
depolarization  measurements. A distance  scale  of 0.1-0.3 mm for  the 
effective mean separation of radiating  surfaces  is  suggested  by  this 
interpretation of the  data. 
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I. INTRODUCTION 
At the  present  time  contradictions  exist  between  deduced 
thermal  properties of the lunar  surface  as  interpreted  from  infrared 
and  from  radio  observations. In addition,  high-precision  radio 
observations  have  been  interpreted  in  terms  of  an  unexpectedly  large 
thermal  flux  in  the  lunar  surface  material. 
In this  paper  I  suggest  a  means  whereby  these  contradictions 
may  be  resolved  by  considering  temperature  dependence  of  the  co-ductivitv, 
including  a  radiative  contribution,  and  of  the  specific  heat. I have 
written  a  computer  program  to  solve  the  heat-conduction  eauation  for 
arbitrary  temperature-  and  depth-dependent  thermal  properties  during 
a  lunation  and  an  eclipse,  and  to  compute  radio  briqhtness  temperatures 
for  such  models of the  lunar  surface. 
It is  first  shown  that  the  mean  temperature  beneath  the 
surface  increases  significantly  with  depth  for  no  net  thermal  flux  only 
if the  conductivity  increases  with  temperature.  Recent  measurements 
of postulated  lunar  materials  indicate  such  a  temperature  dependence. 
Therefore,  an  observed  increase  of  the  mean  radio  brightness  temperature 
with  wavelength  may  be  indicative  of  the  thermal  properties of the 
material  and  not of the  net  thermal  flux  resulting  from  radioactive  heat- 
ing. 
Secondly, it is  argued  that  radio  measurements  cannot  be 
interpreted  uniquely  in  that  two  parameters  are  involved  in  an  ambiguous 
manner, i.e., the  ratio  of  the  thermal  to  the  electromagnetic  wavelensths 
and  a  product of thermal  properties.  The  radio  data may, therefore,  be 
reinterpreted  in  terms of models  suggested by recent  infrared  measure- 
ments  of  the  minimum  surface  temperature  reached  during  the  lunar  night. 
Each of eight  simple  models,  six of which  have  temperature- 
dependent  thermal  properties,  agrees  well  with  infrared  eclipse  and 
lunation  data  as  well as with  radio  observations  in  the  millimeter  range. 
All but one are  homogeneous  with  depth  to at least  several  meters  and 
are  stratified  although  a  more  complex  structure  is  probably  more 
realistic. This group of models  suggests  that  the  surface  layer  may  be 
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a  highly  porous, possibly frothy, one  in which radiation  plays  a 
significant  role in  heat transfer  in  the  material.  Such  a  tentative 
model  is  in  agreement with recent  radar depolarization data  and 
laboratory  simulation  experiments. 
It should  be  emphasized  that he actual  lunar  surface may 
be quite  complicated,  consisting  of  many materials arranged in depth 
and  across  the  surface. This picture  is  sugqested by recent  hiqh 
resolution  infrared, radio, and  radar  data. This paper  is  an  attempt 
to  describe  the  gross  thermal  properties of a  region of the  lunar 
surface,  the  subterrestrial  region, so as  to  be consistent with recent 
infrared,  radio,  and  radar data, by means  of  simple  models  incorporating 
temperature-dependent thermal  properties. The approach  should  give 
information  about  this  region  if  the  actual  inhomogeneities  act  only 
as  fine  structure  upon  the  emitted  thermal  radiation  rather  than as 
important  contributions  to  this  radiation.  If  the  contrary  proves 
to  be true, which  is the more  likely case, then  the  present methodology 
should  be  valid  provided one weighs  the  contributions  to  the  infrared 
and radio  signals by the relative  proportions  of  the  various  materials 
in  the  field o f  view. A s  the  data  become  more numerous, such  an 
approach  becomes more fruitful and  should  be  pursued. 
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11. CONTRADICTIONS  IN  PREVIOUS  THEORIES 
~ 
The first  attempts  at  characterizing  the  thermal  properties 
of the  lunar  surface consisted of  solutions to  the heat  conduction 
equation  in a homogeneous,  plane-parallel  medium of temperature- 
independent  properties  under  boundary  conditions  appropriate  for  a 
lunation  and  an  eclipse.  Wesselink (1948) obtained  reasonable  agreement 
between  his  theoretical  eclipse  cooling  curves  and Pettit’s (1940) 
eclipse  data  for  a model in  which  the  thermal  parameter 
y = (KPC)-’ s 1000cm20Kcal  sec 
-1 -+ 
where 
K = the  thermal  conductivity 
p = the density, and 
c = specific  heat. 
Jaeger and  Harper (1950) and  some  subsequent  investigators  have 
obtained  better  agreement with two-layer  models. 
Prior  to 1962 the  only  temperature measurement of the  dark 
side of the  Moon  available was the  value  of 1 2 0  t 15OK obtained by 
Pettit  and Nicholson (1930), later  confirmed  by  Sinton (1962). Jaeger 
(1953) found  this midniqht temperature  consistent  with  a  homogeneous 
model  with yr=500, or by  two-layer  models  consisting of less thar, a 
centimeter of insulating  materials  over  a  more  conducting  medium.  With 
the  vast  improvement  of  infrared  instrumentation -- and  especially 
the  recent  measurements by Low (1965) -- the mean temperature of the 
cold  lunar  limb  has  been  more  reliably  established  at 90°K. Thus  both 
eclipse  and  lunation  infrared  measurements  may  be  explained  in  terms 
of  a  typical  lunar  surface  element  homogeneous  at  least to a  depth  of 
centimeters,  several  thermal  wavelengths, and  characterized by y A, 1000. 
In  the last  five  years  important  observations  at millimeter 
and  centimeter wavelengths have  been  made  in  the  Soviet  Union  by 
Salomanovich, Troitsky, Kislyakov, and  many  others.  Krotikov  and  Troitsky 
(1963a) have  summarized  this  work.  Within  the  confines of a  linear 
theory, e.g., one in which the  thermal  and electromagnetic properties  are 
assumed to be temperature-independent,  these  data  have  been  interpreted 
in  terms of a  homogeneous  lunar  surface  to  a  depth of several  meters, 
characterized  by y-350 as  opposed  to  the  value of 1000 suggested by 
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the infrared  data. Their interpretation of these  data  apparently  is 
inconsistent with a thin layer of highly-insulating  material  cover- 
ing  a  large  fraction of the  lunar  surface,  which  would  exhibit  the 
rapid  surface  cooling  observed  in  the  infrared  during  an  eclipse and 
during  the  lunar  night. 
A further  important  result of this  work  is  an  apparent 
measurement of the  thermal  gradient  in  the  lunar  surface.  Krotikov 
and  Troitsky  (1963a,  1963b)  have  interpreted  the  observed  increase 
in  the mean brightness  temperature  as  measured by several  radio- 
telescopes  using  the  "artificial  Moon"  calibration  procedure 
(see  Krotikov,  Porfiryev,  and  Troitsky  [1961])  in  terms  of  a  heat 
flux  produced  by  a  level  of  radioactivity  4-6  times  in  excess of 
that  predicted  by  MacDonald  (1959),  Levin  and  Maeva  (1961),  and 
Jaeger (1959)  under  the  assumption of chondritic  lunar  material. 
However,  the  measured  thermal  gradient,  as  Krotikov  and  Troitsky  have 
shown,  produces  a  temperature '1: 1OOO'K at  a  depth  of 60  km and  may 
well  lead  to  a  molten  lunar  interior,  if  the  Moon  consists  in  large 
part of this  material. The observed  nonspherical  shape  of  the  Moon 
makes  the  possibility of a  molten  interior  highly  questionable. 
Thus, recent  infrared  and  radio  observations,  when  interprete6 
in  terms of temperature-independent  thermal  properties  for  the  lunar 
surface  material,  lead to contradictory  and  disturbinq  conclusions. To 
explain  the  contradiction  between  infrared  and  radio  observations, e 
must  show  that  either one or  both  sets  of  observations  has  been 
interpreted  incorrectly; or, there  must  be  a  mechanism  whereby  the 
lunar  material  can  exhibit  more  insulatinq  properties ( y  larqe)  at 
the  surface  during  lunar  nighttime,  while  at  the  same  time  the  material 
exhibits  a  significantly  smaller  thermal  parameter  at  centimeter  and 
meter  depths  beneath  the  surface,  where  the  observed  radio  emission 
originates. Thus, near  the  surface  during  the  lunar  night,  the  product 
of ~ p c  rnust be  an  order of magnitude  smaller  than  a  few  centimeters 
or meters  beneath  the  surface.  Yet  at  the  same time, the  radio  data 
apparently do not  allow  the  surface  material to exhibit  different 
thermal  properties  on the average  over  a  lunation  from  the  material 
directly  below  it. Thus, an  increase  with  temperature  of  the  thermal 
conductivity  and  the  specific  heat  are  expected.  This  tentative 
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conclusion  has  also  been  suggested  by  Krotikov  and  Troitsky  (1963a) 
and  Muncey  (1958,  1963).  Prior  to  this  time,  models  of  the  lunar 
surface  (including  temperature-dependent  properties)  have  been 
computed  for  special  cases  by  Muncey  (1958,  1963),  Watson  (19641, 
and  by  Tyler  and  Copeland  (1962). 
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111. MEASUREMENTS OF THE  THERMAL PROPERTIES OF POSTUALTED 
LUNAR MATERIALS 
The specific  heats of many  silicates, oxides, and  terrestrial 
rocks  have  been measured in the  laboratory  in  the  temperature  range of 
70°K-4000K. All of these  materials  described in Goldsmith,  Waterman, 
and  Hirschhorn  (1958)  exhibit  a  steep  rise  in  thermal  conductivity at 
low  temperatures  and  then  a  gradual  increase  past 200°K to  typical 
values of 0.18-0.24 cal gm-l0K-' at 350OK.  Buettner  (1963)  compared 
the  specific  heats of many such materials  and  concluded  that  in the 
lunar  range  of  temperatures  c . X  T1I3 , and  thus  a temperature-independent 
specific  heat approximation may  be  justified. 
It is generally suggested  that  the  lunar  surface material 
is either  porous or finely  divided "dust" with  very  small  relative 
contact  area.  If  the material contained  no  contact  points  in  the 
vertical  direction  but  instead  were  stratified  in  layers  separated by 
a  distance s ,  the  conductivity  would be  purely  radiative 
where zIR is  the  emissivity  of  the  material  corrected  for multiple 
reflections  at  infrared  wavelengths  corresponding  to  the  peak of the 
Planck  distribution  function  at a temperature T, and o is the Stephan- 
Boltzman  constant. In general  the  thermal  conductivity will consist 
of a  purely  conductive  component  and  a  purely  radiative  component,  and 
may  be  characterized  by  the  ratio of the  two  components  at  some  repre- 
sentative  temperature  such as 350°K, 
and 
Now s will  be  an  effective mean separation of radiating  surfaces 
and K~ the  conductivity  through  the  contact  points.  Values of K~ 
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are often  several  orders of magnitude less  than the conductivity of 
the same material as  a  nonporous  solid. 
Few measurements exist  of  thermal conductivities over the 
temperature  range 1OO0-40O0K of finely  ground silicates deposited 
under  high  vacuum  conditions.  Bernett, Wood,  Jaffe, and  Martens (1963) 
obtained  thermal conductivities for  several  particle  size  distributions 
of  crushed  olivine basalt in the range 4-15 x 10-6cal  cm  sec 
between -70°C and +90°C. Measurements  for  each sample tended to increase 
with  temperature,  but the  one sample (-35 mesh, p = 1.49 gm CF-~) that 
exhibited  the greatest temperature  variation  can  be characterized in  the 
temperature  range -10°C to +90°C by K~ = 2.2 x  and R350 = 2. 
Buettner (1963) describes  measurements  performed on crushed  basalt  powder 
of 5~ grain size that can be characterized by K~ 9 x and R3500K 
= 2.5. These and  subsequent  data  are  summarized in  Table I. 
-1 -lOK-1 
Watson (1964) has  measured  the  thermal conductivities of dry 
powdered  silicates at10-5to 10-6torr  between 150°K and 350°K. His 
data  are well described by the  functional  form (3) with the  radiative 
and conductive  terms  a  function of particle  size. In particular,  the 
conductive  component was found to be  independent of composition and 
inversely proportional to  particle  size. The radiative  component  con- 
sisted  of  a  constant  term  corresponding totransmission through  small 
grains  and  term  linear  in  particle  size corresponding to  radiation 
between  large  particles. 
More  recently Wechsler and Glaser (1965) have  summarized 
the  measurements of the  thermal  conductivities  of  porous  rocks and 
powders.  The  data  for  rock  powders  measured  at  pressures  near 10 torr - 5  
fall in the range of 5 x < K (T) < 10 x cal cm-lsec-l"K-l. 
They  cite  thermal  conductivity  measurements  that  increase 30% for  solid 
pumice  (between 223OK and 323"K),  50% for  basalt  lava  (between 220°K and 
265"K), and 30% for  basalt  powder  (between 221°K and 331°K). Their  first 
preliminary  data  on  basalt  powder (104-150~ particle size) at  the  high 
vacuums of 5 x 10 torr  exhibit  a  very  significant  increase  of 40-50% 
between 280°K and 330°K. In this temperature range K -- 6 x and 
R350 = 10, but  the  data  are  widely  scattered  and R350 may  not  be  well 
determined. 
-10 
C 
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These data as summarized in Table I are  far  from  conclusive, 
but  they do  make it  imperative  that  radiative  conductivity be considered. 
Unfortunately, other effects  such as possible  chanqes  in density,  adhesion, 
or contact  resistance with temperature  may  be  important  and  may  affect 
the  thermal  properties. For this  reason I have  calculated  models  also 
fo r  a  general  power law approximation  to  the  conductivity  over  the  lunar 
range of temperatures 
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IV. COMPUTATIONAL PROCEDURES 
Computations  are  described of the  surface  temperature T(O,t) 
and  internal temperature distribution T(x,t)  during a  lunation  and 
an  eclipse in a plane-parallel medium  in which the  thermal  and  electro- 
magnetic  properties are assumed  only to be  a  function of depth X 
beneath  the  surface. The surface  material  has  been  assumed opauue 
in the  middle  infrared ( 5 - 4 0 ~ 1 ) ~  as suggested  by  Lanner (19521, but 
partially  transparent in the  radio  region. The heat-conduction equation 
+- 1 
subject  to boundary  conditions 
r 1 
and 
T (x,t) = constant  as  x - large , 
is  solved  by  difference  equation  techniques on an IBM 7094  ComWter. 
In E q s .  ( 5 ) ,  (61, and (7) we define 
= mean emissivity  at  the  wavelengths  corresponding to 
the peak  of  the  Planck  distribution  at  lunar  temperatures, 
E = bolometric emissivity  for  solar  illumination,  and B 
I(S,n,t) = insulation  at  lunar  rectangular  coordinates ( S , r l ) ,  
and  time  t . 
The complete  difference  equations  and the method of their  solution 
are  fully  described in  Ingrao, Young  8nd  Linsky (1965) and Linsky (1965) 
All of these  computations  were  made  for 20 discrete  depths  between 
the  surface  and  a  depth of 4 or 5 thermal  wavelengths,  and f o r  at least 
4000 times  during  a  lunation.  Care was taken to damp  out  errors  in th.e 
assumed  initial  temperature  distributions, so that  the  internal  teapera- 
ture  distributions  should  be  correct  to +- 1 ° K ,  at  least  to  a depth  of 
one thermal  wavelength. 
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Computations have  been  performed for three different 
representations of the thermal  properties in  order to  determine the 
effects of nonlinearities in the heat-conduction equation  upon  the 
observable  thermal  emission. 
Model  Type I - Temperature-independent thermal  properties 
Model Type I1 - Radiative and  thermal conductivity 
Model Type I11 - Power  law  approximation  to  the  thermal  properties 
Solutions of the heat-conduction equation in  homogeneous 
media  are  most  easily  expressed  as  functions of the  thermal  parameter 
y , when  the  depth  variable  is  expressed  in  units of the  thermal 
wavelength, 
the  depth  at  which  the  amplitude of the  first harmonic in  a  Fourier 
expansion of T  (x,t)  is  reduced  to e-’ of its  surface  amplitude.  Here 
P  is  the  lunar  synodic  period.  See  Wesselink (1948) and Carslaw  and 
Jaeger  (1959). However, if one wishes  to  consider  a  multilayer model, 
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it is often more convenient to  consider  the  physical  depth X as 
the independent  variable. In this  representation,  solutions of 
the heat-conduction equations  are  functions of the diffusivity a: 
K a = -  . 
P C  
For each model  computed,  the specific  heat  has  been  assumed to be 
0.20 cal gm-l0K-' or this value  at 350'K when  temperature  dependent, 
and  unless  specified, the density  has  been  assumed  to  be 1 gm cm . -3 
Thus  one needs  only to specify  K(x,T) for each model and one mav 
characterize  each in  more familiar  terms by the  value of y350(x) = 
- (x, 350'K) p (x )  c  (x, 350'K)J. Each  solution  will  be  invariant  to 
multiplying K and p by a  constant  factor  with Y350 being  reduced  by 
that  factor. 
For these  calculations,  a  value  of 0.88 has been  assumed 
for  and E The former  value  has  been  estimated  from  the  albedo 
data  cited  in  Harris  (1961)  while  the  latter  is  in  agreement  with 
measurements of 4 0 ~  and 4 0 0 ~  quartz  sand by Burns  and  Lyon  (1963)  and 
measurements of assumed  lunar  powders  in  the 7 - 1 4 ~  wavelength region 
by Van  Tassel  and  Simon (1964). Krotikov and  Shchuko  (1963)  have 
shown  that  the  nighttime  surface  temperatures,  which most conclusively 
differentiate one model  of  the  surface  from  another,  depend  only  very 
weakly  upon E~ and E for  models  with temperature-independent pro- 
perties,  and  the  same is true  for  the  models  under  consideration. In 
agreement  with Allen (1963), I have  assumed  a  value  of  the  solar 
constant of 1.99 cal cm *in-' , corresponding  to  a nonrotating blackbody 
equilibrium  temperature of 395'K at 1 AU. 
IR' 
IR 
- 2  
Infrared  brightness  temperatures  characterize the radiation 
from  a  grey  surface of emissivity E as  observed  through a wide-band 
8-1411 filter. The procedure for  deriving  these  quantities is described 
in  Ingrao, Young, and  Linsky  (1965). These brightness  temperatures 
will  be  subject to small corrections  if  the  lunar  spectral emissivity 
is  not  constant  in the 8-14~1 region, as  Burns  and  Lyon  (1962) suggest, 
but  they will vary  significantly  only  at  high  temperatures for changes 
IR 
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i n  t h e  e f f e c t i v e  E The angular   dependence of c as   mensure i   by  
Geoff r ion ,   Korner ,   and   S in ton  ( 1 9 6 0 )  , and a p o s s i b l e  t r a n s p a r e n c y  
o f  t h e  s u r f a c e  m a t e r i a l  i n  t h e  i n f r a r e d  r e g i o n ,  as d i scussed  by  
Buet tner  (1963)  , h a v e  n o t  b e e n  c o n s i d e r e d  i n  t h e  p r e s e n t  r e p o r t .  
IR' IR ' 
-k xsece  
T ( A r t )  = ( 1 - R )  T (x, t )  e 
X i n  
R 
kAseceindx, 
where 
R = s u r f a c e  r e f l e c t i v i t y  
k X  = e l e c t r o m a g n e t i c  a b s o r p t i o n  c o e f f i c i e n t  a t  t h e  
observed wavelength X 
Oin = a n g l e  w i t h  r e s p e c t  t o  t h e  n o r m a l  made by  an 
observed  ray  when i n  t h e  medium. 
In  a d i e l ec t r i c ,  k w i l l  be of t.he form A 
b u t  i f  l a t t i c e  v i b r a t i o n s  are i m p o r t a n t ,   a s   S i n t o n  ( 1 9 6 0 )  s u g g e s t s   a t  
t h e  s h o r t  millimeter w a v e l e n g t h s ,  t h i s  r e l a t i o n  w i l l  n o t  b e  v a l i d .  A 
v a l u e   f o r  R may be o b t a i n e d   e i t h e r   f r o m   t h e  d i e l e c t r i c  cons t an t   and  
the   Fresne l   aws   or   f rom  radar   measurements .   For   these   computa t ions  R 
i s  assumed t o  be 0 . 0 5  a t  t h e  c e n t e r  o f  t h e  d i s k  co r re spond ing  t o  a d i -  
e l ec t r i c  c o n s t a n t  o f  2 . 5  , i n  c l o s e  a g r e e m e n t  w i t h  t h e  v a l u e s  o f  2 . 8  based  on 
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radar measurements of Evans  and  Pettengill  (1963)  and  Rea,  Hetherington, 
and  Mifflin  (1964). If the dielectric  constant  of  the  surface material 
is  as  low  as 1.5, as  suggested  in  Krotikov  and  Troitsky  (1963a) or  in 
the  range 1.7 to 1.8 according to Hogfors et  a1  (1965), then R = .01 or 
0.02, respectively,  and all computed  radio  brightness  temperatures 
should  be  increased. 
For  the computation of eclipse  and  lunation  surface  tempera- 
tures, it  is  not important  to know accurately  temperatures  at  depths 
in  excess of a few thermal  wavelengths.  However,  in the radio  region 
of the  spectrum  one  may  be  observing  radiation  emitted  from  depths on 
the  order of 10 or more  times X ,  and  thus  one  must know temperatures 
at  depths in the  order  of  meters. The value  of T(x,t) more  than  a few 
centimeters  beneath  the  surface  will  be  independent  of  time  and may be 
easily computed, assuming  temperature-independent  thermal  properties, 
from  the  average  value  of  the  surface  temperature  over a lunation  and 
an assumed  mean  thermal  flux. In the  general  case  of  temperature- 
dependent  properties, the determination  of T(x,t) beneath  the  surface 
is  more  complex. 
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v. VARIATION O F  AVERAGE ~ ~~~ ~~~ TEMPERATURE ~~~~~~~ WITH DEPTH I N  THE LUNAR SURFACE 
The h e a t  c o n d u c t i o n ,  Eq. ( 5 ) ,  may be w r i t t e n  i n  t h e  form 
where F (x ,  t) is t h e  t h e r m a l  f l u x  
and Q ( x , t )  i s  t h e  h e a t  c o n t e n t  p e r  u n i t  volume  of t h e  material  
Tak ing  the  t i m e  ave rage  o f  bo th  s ides  o f  E q .  (12) over  a l u n a t i o n  
of   synodic   per iod  P I  one   ob ta ins  
The l e f t - h a n d  s i d e  of t h i s  e q u a t i o n  may a l s o  b e  w r i t t e n  a s  
- < Q ( x , t )  > = - a 
a t  
where  the  symbol < > means time average   over  a l u n a t i o n .   S i n c e   t h e  
so l a r  cons t an t  and  p resumab ly  any  in t e rna l  hea t  sou rces  in  the  luna r  
s u r f a c e  show no secular  v a r i a t i o n ,  a n d  t h e  Moon n e v e r  d e v i a t e s  f a r  f r o m  
1 AU from  the  Sun, - a Q ( x , t )  > must b e   z e r o .   T h e r e f o r e ,  
a t  
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and 
In the  special case of no internal  heat  sources  and  therefore no
net thermal flux, this  constant will be zero. Thus, for  a stratified 
medium  in  which the thermal  conductivity  is depth-dependent but not a 
function  of  temperature, 
if < F(x,t) > # 0. 
However, if the  thermal  conductivity is temperature  dependent,  the 
mean value of the  temperature may increase or decrease  with  depth 
even  if < F(x,t) > is  zero.  This  fact  has  been  noted by Muncey (1958) 
and Krotikov and Troitsky (1963). For < F(x,t) > = 0, and assuming 
one  obtains 
a+ 1 < T  (x,  t) > = constant = < T (x=O, t) > if a # -1 , a + l  
or 
Now one writes  T(x,t)  as a Fourier  series  at  each  depth 
T(x,t) = TO(x) + 
-16- 
where T (X) and on(x) are the amplitudes  and  phase  lags  relative  to 
insolation,  and w=2n/P is  the lunar  angular  frequency of apparent 
rotation.  Substituting Bq. ( 2 0 )  into (21),  one  obtains for integral 
positive  values of a: 
n 
and  for nonintegral positive values  the  infinite  series 
TO a+l(x) = < T a+l (x,t) > - a-1 (x) Tn2 (x) 4 TO n= 
+ .... i f a > O .   ( 2 3 ~ )
Since  the  amplitudes  Tn(x)  are  real  and  decrease  monotonically  with 
depth  and  since  the  first  term  on  the  right-hand  side of each  equation 
is a  constant, E q s .  (23a),  (23b),  and  (23c)  all  exhibit  solutions in 
which  the  average  temperature T (x) increases  with  depth,  asymptotically 
approaching  a  limiting  value  that  depends on this  constant.  This 
behavior is exhibited in Fig.  1  where  the  increase  in  T (X) is given 
by AT = To (asymptotic) - To (x=o). 
0 
0 
If, on the other  hand, the  thermal  conductivity  decreases 
with  temperature,  the  reverse  occurs: 
c i 
and 
-a+l - a+l To (x) = < T (x,t) > + if a# -1, 
n=l T a+  1 o (x) a c ~ .  
n 
-17- 
Now T (x) decreases with depth approaching limiting  values as shown 
in Fig.  1. For a two-term  expression, 
0 
similar  formulae  with  similar  dependencies  upon  depth  may  be  obtained. 
In particular, for a = 1 
- iko2(x) 2 + n= t 1 
T:(x)l 2 
When < F(x,t) > is  not  zero, a  further  increase  of  TO(x)  with  x is 
superimposed  upon  the  previous  curves. For  example, if a  is  positive 
and 
the analogue  of Eq. (21) contains  an  additional  term 
and now  the  general  solution of E q .  (23c)  becomes 
- a(a+l)  a-1 To (x) 
4 n= 1 
Thus  to  the  previous  solutions a depth  dependence  is  added  to TO(x) 
roughly  proportional  to  x  (l/a+l) 
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In the  absence of internal  heat  sources,  the  difference 
between the  mean value of  the temperature  at  the  surface  and its 
asymptotic value, reached  at  that  depth  at  which  the  temperature 
does not vary over a  lunation,  can  be as large  as 50'K. This tempera- 
ture  difference AT increases  with  the  value  of  a  and  decreasing 
conductivity, but  is practically  independent of any  temperature 
dependence of  the specific heat. 
In Fig. 1 curves  are  plotted  of  the  temperature  difference 
AT,  assuming < F(x,t) > is zero. As expected  from Eq. (18), any 
temperature  dependence  of  the  specific  heat  plays an  unimportant  role , 
whereas  the  ratio of radiative to conductive  flux  at 350'K, R350,  or 
the  conductivity  'temperature  exponent  are  the  important  parameters. 
* 
For two-layer models, AT is  intermediate  between  that 
characterizing  the  upper  and  lower  layer  materials.  When  the  upper 
layer  depth  is  about  one-third of .tlT,  AT is  the mean of  that  computed 
€or each  layer  separately. For  the present I will  consider  the  thermal 
wavelength L for  temperature-dependent  models to be  the  value  of 1T 
J p K / l l  p C at  the mean surface  temperature. 
In the  simplest  case  of  temperature-independent  thermal 
properties 
For < F(x,t) > = 2.5 x calcm sec , as suggested above, 
< T(x,t) > increases over a  distance  of  4klT  by 0.9'K €or y = 1000 
and .15'K for y = 350.  Similar  small  increases  in < T(x,t) > charac- 
terize temperature-dependent models. Thus the  curves of AT vs y 
in Fig. 1 are essentially unmodified. 
-2 -1 
350 
Therefore,  in evaluating  the  integral  in Eq. (lo), one  can 
assume < F(x,t) > = 0 to a  depth  of  4klT  and  use the temperature 
distributions  T(x,t)  computed by adjusting  T(x=4.tlT),  the  temperature 
at  the  deepest  point  considered,  such  that  flux  conservation  is  obeyed. 
n 
The statements in Krotikov and  Troitsky  (1963a, 196313) that  a 
temperature-dependence of the  specific  heat  can  introduce  a  change 
in mean temperature with depth  are  not  supported by computations 
for  a model  in which a=O  and  b=l;  and the above  theoretical  con- 
siderations do not.allow for any  such  variation. 
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Beyond this depth  the  temperature is independent of time. Assuming 
a  constant  thermal flux at  these depths, 
F = < F(x,t) > , 
the  temperature €or  Model Type I11 will  be  given by 
[ S””+l) F (a+l) x T (x) = < Ta+’ (x=O, t) > + x ’ 4tlT . (29) K O  (x) 
and €or Model Type I1 by  the solution-to the equation 
x ’ 4LlT . 
Radio  brightness  temperatures  TR(h,t)  have  been obtained by 
inserting  computed  values of T(x,t) and T(x)  at  large  depths  into 
Eq. (10) for the  eight  models  consistent with infrared  observations 
as  described  below. These radio  temperatures evaluated at  the  sub- 
terrestrial  point  for 30 times  during a lunation  have  been  fitted  to 
a  three-term  Fourier series, 
using  a  least-squares  procedure. The values of TRO(X) , TRl(X) , and 
$,(X) are  listed  in Table 11. 
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VI. INTERPRETATION - - - - - - - - - OF MEAN-~RADI~O  BRIGHTNESS  TEMPERATURES 
~. ~______ -~ 
Observations of the mean temperature of lunar  thermal 
radiation  cited by Krotikov and Troitsky (1963b)  were  obtained with 
telescopes of low  angular resolution compared to  the lunar  dianeter. 
They  have  been modified by the  correction  procedure of Krotikov  (1965) 
to  be  applicable to the  center  of  the disk, assuming  a  dielectric 
constant of 2.5, and are plotted  in Fig. 2 along  with the values of 
TRO(X) for the eight  computed  lunar  surface  models  consistent  with 
infrared  lunation  measurements. The effect of temperature-dependent 
thermal  properties  should not subject  this modification procedure  to 
systematic  errors  that  depend  upon X . For  a  dielectric  constant of 
1.8, all of these  data  points  would  be  decreased by 1% and the  computed 
radio  temperatures  increased  by  3%.  Except  where  noted,  an  internal 
flux  of 3.4 x  calcm 6ec has  been  chosen  to  fit  the  observed 
rate  of  temperature  increase  at  wavelengths  longer  than 3.2 cm. 
-2  -1 
Unfortunately,  absolute  flux  measurements  are  indeed  very 
difficult, and it  is  a  credit  to  those  who  designed  the  "artificial 
Moon" method  that  it  has  been  used.  However,  this  procedure  requires 
elaborate  corrections for diffracted  terrestrial  radiation  by  the 
observed  disk  (see Tseytlin [1963,1964])  and  assumptions  concerning 
the  effective  solid  angle of interception of the disk's diffraction 
pattern by the  Earth  and  its  relation  to  the diffraction correction. 
Since  the  effects  of  deviations  from  these  assumptions  will  depend 
upon  the  disk's diffraction pattern  and  therefore  the  observing  wave- 
length, any systematic  errors in  this  calibration  procedure  may  be 
wavelength-dependent and  modify  my  conclusions. 
The simplest  models  that  predict  a  dependence of TRo(X) 
upon X consistent  with  the  absolute  mean  temperature  measurements 
in  Fig. 2 are  two  radiative  models  (y350=885,R350=l,b=0)  and 
(y350=670,R350=l,b=l);  and  the  two-layer temperature-independent model 
(yc=1075  upper  layer 30 cm  deep  and  yc=250  lower  layer). The parameters 
for  the  later  model were chosen  to  exhibit  a  steep  rise  in TRo(X) 
between  1 mm and 3.2 cm  and  a  less  steep  rise  at  larger  wavelengths. 
Note Eq. (10) in  Tseytlin (19631. 
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If the dielectric constant is smaller  than the assumed  value of 2.5, 
one  must modify the parameters in  these  three models to  effect  good 
agreement  with the data.  Choosing  a dielectric constant  of 1.5 as 
a  plausible  lower limit, I have  interpolated  among  the computed 
models  to obtain'the estimated parameters  shown in  Table 111. 
From  these parameters and the data one can  place outer 
limits  upon  the  deduced mean thermal  flux  passing  through  the  surface 
material due  to  internal  heat  sources.  Usinq the conductivities 
appropriate  to the four  radiative  models described in  Table I11 and 
a  criterion of satisfying  six of the  eight data-point error  brackets 
between 3.2  cm  and  50 cm, I obtain  a  value of 2.7 x 10 calcm  sec 
€or the lower limit, and 4 .2  x calcm-2sec-1 €or the upper limit. 
Corresponding values of the  flux  for  the  two-layer  models with tempera- 
ture-independent properties are 3.7 x 10 and 5.8 x calcm sec 
respectively. 
-7 -2 -1 
-6 -2 -1 
I 
The above  analysis  shows  that  under  the  assumption of tempera- 
ture-independent  thermal  properties,  only  an  increase of the  conductivity 
with  depth  can  account €or the  form of the  mean  radio  brightness  data 
shown  in  Fig. 2. No distribution of materials on the  surface  can  produce 
other  than  a  linear  increase  with  wavelength. However, the mean thermal 
flux  necessary  to maintain the  observed TRo(A)  for  the  two-layer m.odp1.s 
is  from 15-23 times t h c t  predicted for chondritic materials.  More 
radioactive  materials do exist,  but  if meteoritic samples may be  con- 
sidered  a guide, they  are  less  common  in  the  solar  system. In  addition, 
there  is  the  problem  of  supporting the nonequilibrium figure of the 
Moon, which  is  aggravated by this  high  level of radioactive  heating. 
Therefore,  the  radiative  models  appear  to  be  the  more  plausible  explana- 
tion  of  the  data. 
A further  result of this  analysis  is an estimate of  the 
distance  scale of separation of radiating  surfaces  in  the  lunar  material. 
This mean  effective  spacing  would  correspond  to  an  average  pore  size 
in a  porous  medium or  to an interparticular  spacing in a  grainy or 
dusty  medium.  Typical  values  of 0.1 to 0.3 mm are  suggested. This 
distance  scale is an order of magnitude larger  than  that  proposed  by  Hapke 
and  Van  Horn(1963)  to  account  for  the  photometric  properties of the  lunar 
surface,  but  is not unlikely  for  a  porous  medium. 
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XI-I. INFRARED OBSERVATIONS - AND THEIR INTERPRETATION 
"
In any  attempt  to  understand  the  thermal  behavior of  the 
lunar  surface material,  one should  consider  each  method of obtain- 
ing  information in the  light of its  inherent  limitations  and  the 
degree  to which the fundamental  data on the  surface material parameters 
have  been  smeared  out or convoluted  with  unwanted  information. For 
the interpretation of  radio data on the  increase of brightness 
temperature with wavelength, one  must compare  absolute  measurements 
that  are  affected  by side lobes,  telescope  efficiency,  and  sky  back- 
ground, and the necessity of independent  knowledge of the  electro- 
magnetic absorption coefficient kA . Radio  observations of amplitudes 
and phase  lags  of Fourier components of the  integrated  lunar  emission 
require  relative measurements and  are  thus  the  more  reliable. 
Infrared  data on the  surface  briqhtness  temperature,  by 
its  very  nature,  must  give  the  most  reliable  information  of  the 
thermal  properties  of  the  lunar  surface  material  at  small  depths 
short  of  actual measurement in  situ.  Assuming  that one is  indee? 
observing the surface  temperature  of  an  opaque m dium, this  temperntvr- 
is affected  only by an  emissivity  factor  that  is  unknown  and  may  be 
temperature-dependent.  However,  in  the  8-14U  and 1 7 - 2 2 ~  regions 
of the  spectrum, one  is observing  during  the  lunar  night  in  the 
Wien  domain  of  the  Planck  spectral  energy  distribution,  where  the 
observed  temperatures  are  very  weakly  affected by flux measurement errors 
and departures  from  a  blackbody.  For example, in the  8-14u  window 
a 1 2 %  error  in  the  measured  flux or an  emissivity of .88 produces  only 
a 1°K error  in  deduced  surface  temperature  for  temperatures  near 100°K. 
Different  models of the  surface  may  exhibit midnight and  cold  terminator 
temperatures 1 O 0 - 2 n o ~  different, and  thus  one  may  be  able  to  discrimi- 
nate  among  models of  the thermal  properties  a few centimeters  beneath 
the  surface by means of these  measurements  alone.  Eclipse  cooling  curves 
yield  information of the  surface  material  parameters to smaller depths, 
but  lunar  daytime  infrared  measurements  offer  no  information on these 
properties,  since  the  insolation  almost  completely  controls  the  surface 
temperature. 
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Recently Watson (1964)  has  been  unable to adequately interpret 
the infrared  scans across  the evening terminator and  into  the  lunar  night 
obtained by  Murray  and Wildey (1964).  His models included  radiative 
conductivity  and  assumed  a homogeneous stratified  medium. I also  have 
had  difficulties 'in interpreting  this  data  due in part  to the complex 
nature of  the observed  thermal  emission  near  the  evening  terminator. 
When  observations  are obtained with  a  finite  angular  resolution  over  a 
region  where  the  surface  temperature and,  therefore, the  emitted  flux 
is  a  rapidly  varying  function  of  position,  and where shadowing  and 
small-scale  inhomogeneities  at  the  very  surface  play an important role, 
they  do not readily  lend  themselves  to  an unambiguous interpretation 
by means of simple  models. On the other  hand,  when  one observes  the 
thermal  emission  before  local sunrise, none  of  these  complications  arises. 
For these  reasons  I  will  use  as  my  primary  source  of  information 
infrared  data on  the minimum temperature  reached  durinq  the  lunar  night, 
and choose  those  models  of the surface  that  are  in  basic  agreement  with 
this data, for comparison with  infrared  and  radio  measurements. 
The only  infrared  data  available  with  a  signal-to-noise  ratio 
sufficient  to measure the coldest  lunar  temperatures  are  those of
Low (1965). He obtained a  mean  temperature of 90°K  for  the  cold limb, 
but  observed  cold  areas of < 70°K  and hot  areas  including one 150°K. 
Radio  emission  also  varies  from  place  to place, as  Gary  (1965)  has 
recently confirmed, but the variaticn  is  much  less.  Taking  90°K  to  be 
representative  for  the  surface  brightness  temperature  minimum T ,B and 
in  particular  the  value  for  the  subterrestrial point, I have  calculated 
models  with  a  range  of  thermal  parameters  that  are  consistent  with  this 
measurement. 
- 
In Fig. 3 calculated  cold  limb  brightness  temperatures  are 
presented as a  function of y for the model  types  considered.  These 
brightness  temperatures, as mentioned above, are  computed  for E = .88 
and  the  8-14p atmospheric window, but  will  vary  only by a few tenths 
of 1°K for  observations  in  the  17.5-22u  window. The models  describe6 
in  Table IV, representing a  wide  range of parameters, are  consistent 
with  this  90°K  criterion. The dependence of brightness  temperature 
upon  phase  during  a  lunation  differs  at  most  by  4°K  at  each  terminator 
among  the  models, and, therefore,  does not allow  for  a  distinction 
among  them  from  infrared measurements alone.  In  Figs.  4  and  5  the 
variation of surface  temperature  T(0,t)  with  phase  is  presented  for  a 
representative  sample of temperature-independent  models  to  show  the 
quantitative  effect of the  nonlinearities. 
350 
IR 
r 
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During  the  course  of  an  eclipse,  the  most  relevant  information 
is  obtained in  the umbral  phase  when  the  conductivity  and  specific  heat 
of  the  lunar material control  the  cooling rate. One can  minimize,  but 
not  eliminate, the effects of an  unknown  surface  emissivity by consider- 
ing the ratio of observed temperatures  to  the measured pre-eclipse 
temperature  (see Ingrao,  Young, and  Linsky [1965]). This approach  also 
minimizes  errors  introduced by comparing  observed  temperatures  at 
positions  other  than the subsolar  point  with  computations made at  the 
subsolar point.  Beyond 3 0 °  in  latitude or longitude  from  the  subsolar 
point, these  errors  computed  in Ingrao, Young  and  Linsky  (1965)  become 
important. 
In Fig.  6  a  comparison is made  between  the measurements of 
Pettit  (1940)  and  cooling  curves  for  the  eight  models  computed  for 
the  circumstances  of  the  1939  eclipse and  for  the  area of the  lunar 
surface  observed.  None  of  the  models  fits  exactly but,  on the  other 
hand, a better  representation  could be  achieved  only  by a  two-layer 
model  with  a  very  thin  upper  layer  and  a  lower  layer  with y 3 5 0  somewhat 
less  than 1000. Another possibility  would be a  composite  model  with 
several  materials on  the surface.  Either  of  these  situations  may 
indeed  be  the  case. 
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V I I I .  RADIO OBSERVATIONS AND THEIR INTERPRETATION 
The r e l a t i o n s h i p  b e t w e e n  o b s e r v e d  b r i g h t n e s s  t e m p e r a t u r e  a t  r a d i o  
w a v e l e n g t h s   i n t e g r a t e d   o v e r   t h e  lunar d i s k  ( X )  and   t he   t empera tu re  3 t  each  
d e p t h ,  l o n g i t u d e  , l a t i t u d e ,  a n d  time T ( x ,  $, $ , t )  h a s  b e e n  d i s c u s s e d  i n  t h e  
l i t e r a t u r e  (see Kro t ikov   and   T ro i t sky  [1963al f o r   f u l l   r e f e r e n c e s . )  ro 
review, one can write T ( x ,  $, $, t )  assuming temperature-  and depth- inde3endent  
t h e r m a l  p r o p e r t i e s  i n  the  form of  a F o u r i e r  series 
R 
m 
I n = l  
c o s (   n a  - n $  - bn “x JnP/2; 1 
a n d  t h e r e f  o r e  t h e  t h e r m a l  r a d i o  b r i g h t n e s s  t e m p e r a t u r e  a t  ( $  , $)  as 
m 
P 
-xkxsec  r 
e dx I 
To (I)) , T n (  I)) = Four ie r  components  of  the  sur face  tempera ture ,  
+n = p h a s e  s h i f t  r e l a t i v e  t o  i n s o l a t i o n  € o r  t h e  n t h  F o u r i e r  
component  of  the  sur face  tempera ture ,  
- 
P = l u n a r  s y n o d i c  p e r i o d ,  
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6n = nP - r a t i o  o f  t h e  t h e r m a l  a t t e n u a t i o n  c o e f f i c i e n t  f o r  t h e  r z  - 
n t h  - F o u r i e r  component t o   t h e   e l e c t r o m a g n e t i c   a t t e n u a t i o n  
c o e f f i c i e n t  , 
a = d i f f u s i v i t y ,  
R (  $, $ 1  = s u r f a c e  r e f l e c t i o n  c o e f f i c i e n t  , 
r = angle between the normal t o  t h e  s u r f a c e  
a n d  t h e  d i r e c t i o n  a t  t h e  p o i n t  of  recept ion ,  and  
6n  cos  r 
= p h a s e  s h i f t  re la t ive  t o  i n s o l a t i o n  
f o r   t h e   n t h  - F o u r i e r  component  of 1 + 6n  cos  r 
t h e  r a d i o  b r i g h t n e s s  t e m p e r a t u r e .  
V e r y  o f t e n  t h e  a n t e n n a  p a t t e r n  i n t e g r a t e s  o v e r  a l a r g e  p a r t  o f  t h e  l u n a r  
d i s k  o r  t h e  w h o l e  d i s k ,  i n  w h i c h  case t h e  i n t e g r a t e d  t h e r m a l  e m i s s i o n  w i l l  
be given by T R (  A )  
where t h e  c o e f f i c i e n t s  B and a n ,  which  depend upon t h e   d i e l e c t r i c   c o n s t a n t  E, 
t he  an tenna  pa t t e rn ,  and  the  obse rv ing  wave leng th  X ,  have  been  ca l cu la t ed  fo r  
the  case  of  a s i n g l e  l o b e  a n t e n n a  beam by Krotikov (1965) . 
0 
I n  t h e i r  summary pape r  Kro t ikov  and  Tro i t sky  (1963a)  g ive  s t rong  
arguments  for  a homogeneous s u r f a c e  l a y e r  a t  l e a s t  t o  a depth  of 3LlTr which i s  
15-20 cm f o r   t h e   m o d e l s   t h i s   a n a l y s i s   s u g g e s t s ,   b a s e d  upon measurements  of 
t he  phase  l ags  and  ampl i tudes  o f  t he  Four i e r  coe f f i c i en t s  ob ta ined  a t  a 
number  of   wavelengths .   These  data   have  been  interpreted  by  Troi tsky ( 1 9 6 2 )  
t o  show 
61 = 2 x  
( 3 6 )  
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I n  a d d i t i o n ,  t h r e e  i n d e p e n d e n t  a r g u m e n t s  are g i v e n  f o r  a the rma l  
pa rame te r  y ZZ 350 c h a r a c t e r i z i n g  t h e  s u r f a c e  material of   temperature-  
i n d e p e n d e n t   p r o p e r t i e s .  The f i rs t  argument  given is  t h a t  t h e  i n f r a r e d  
midn igh t  t empera tu re  T ( 0 )  measured  by  Sinton  (1960) is  1 2 2  3°K 
which is  c o n s i s t e n t   w i t h  350 < y < 430. This  measurement w a s  o b t a i n e d  by 
use of  a p y r o m e t e r  o f  u n s p e c i f i e d  c h a r a c t e r i s t i c s  a n d  d i f f e r s  by a f a c t o r  
of 50 i n  f l u x  f r o m  a 100°K a n t i s u b s o l a r  p o i n t  t e m p e r a t u r e  c o r r e s p o n d i n g  t o  
t h e  c o l d  l i m b  d a t a  o f  Low (1965) . S i n t o n ' s  t e m p e r a t u r e  i s  a l s o  i n  d i s -  
ag reemen t  wi th  the  da t a  o f  Saa r i  (1964)  and  Low (1964) . 
C 
mid,B 
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Secondly,  a va lue   o f  250 < y c  450 is c o n s i s t e n t   w i t h   t h e   a b s o l u t e  
measu remen t s  o f  t he  ave rage  b r igh tness  t empera tu re  a t  3 .2  c m  of  2 1 1  f 2 O K .  
I n  c o n t r a d i c t i o n  t o  i n f r a r e d  m e a s u r e m e n t s ,  t h e s e  r a d i o  d e t e r m i n a t i o n s  o f  
t h e  t e m p e r a t u r e  e x h i b i t  t h e  same e r r o r s  as flux  measurements,  and t h e  
" a r t i f i c i a l  Moon" c a l i b r a t i o n  i s  subject t o  e r r o r s  as c i c e d  above. A 
decrease  of  th i s  measured  tempera ture  by  only  5% would  lead t o  y c  = 1 0 0 0 .  
The f i n a l  argument is  based on  an e m p i r i c a l  r e l a t i o n  b e t w e e n  t h e  
r a t i o  o f  t h e  mean t o   f i r s t  harmonic amplitude of t h e  r a d i o  b r i g h t n e s s  
tempera ture   and   the   observed   wavelength .   This   ra t io  M = T Ro/TR1, s t r i c t l y  
speak ing ,  i s  o f  q u a n t i t i e s  i n t e g r a t e d  o v e r  t h e  d i s k ,  b u t  i s  n e a r l y  e q u a l  t o  
t h e  r a t i o  a t  t h e  c e n t e r  o f  t h e  d i s k ,  
"
The o b s e r v e d  d a t a  h a v e  b e e n  e x t r a p o l a t e d  t o  X = 0 l e a d i n g  t o  a r a t i o  o f  t he  
su r face  t empera tu re  Four i e r  componen t s  TO(0) /T1(O)  = 1 . 5 ,  a n d  t h e  r e l a t i o n  
= 2x. .However, t h e  d a t a  may a l s o  b e  f i t t e d  e q u a l l y  well  by the  pa rame te r s  
T ~ ( O ) / T ~ ( O )  = 1 . 3  
61 = 2 . 4  
o r  
= 1 . 2 7  
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Any one of  a number of  such parameters  w i l l  a l s o  a g r e e  w i t h  t h e  d a t a  
p r e s e n t e d .   B u t   t h e   v a l u e   o f  y c  f o r  a homogeneous  temperature-independent 
model v a r i e s  r a p i d l y  w i t h  To (0) /T1(O)  , as shown i n  T a b l e  V. There fo re ,  
t h i s  method of i n t e r p r e t i n g  r a d i o  o b s e r v a t i o n s  g i v e s  v e r y  l i t t l e  un- 
ambiguous  in fo rma t ion '  conce rn ing  the  the rma l  p rope r t i e s  o f  l una r  su r face  
materials. 
I n  s h o r t ,  t h e  v a l u e  o f  y c  = 350 f 2 0 %  as  given by Krot ikov and 
Tro i t sky   (1963a)  i s  based  upon a dubious   in f ra red   measurement ,   an   absolu te  
r a d i o  b r i g h t n e s s  t e m p e r a t u r e  € o r  w h i c h  small e r r o r s  g r e a t l y  a f f e c t  t h e  
c o n c l u s i o n s ,  a n d  a n  e x t r a p o l a t i o n  p r o c e d u r e  t h a t  g i v e s  a m b i g u o u s  r e s u l t s .  
However, c e r t a i n  f e a t u r e s  of t h e i r  a n a l y s i s  may be v a l i d  d e s p i t e  
t he i r  conc lus ions ,  and  even  i f  t he  a s sumpt ion  o f  t empera tu re - independen t  
t h e r m a l  p r o p e r t i e s  i s  i n v a l i d ,  t h o s e  r e l a t i o n s  w i l l  b e  v a l i d  f o r  w h i c h  
a p p r o p r i a t e  mean q u a n t i t i e s  c a n  b e  s u i t a b l y  d e f i n e d  when t h e  h e a t  c o n d u c t i o n  
e q u a t i o n  i s  c o n s i d e r e d  i n  i t s  non l inea r  fo rm E q .  ( 5 ) .  
One can rewrite Eq. ( 3 2 )  a t  t h e  s u b s o l a r  p o i n t  ( @  = 0 , $ = 0 )  
f o r  t h e  more g e n e r a l  case i n  t h e  f o r m  
where U n ( T )  and V n ( T )  are a n a l o g o u s  t o  a thermal   wavelength   bu t  w i l l  i n  
g e n e r a l  n o t  be e q u a l .  S i n c e  Un ( T )  and Vn ( T )  are ,  i n  g e n e r a l ,  r e l a t e d  t o  t h e  
t e m p e r a t u r e  i n  a n o n l i n e a r  manner  and t h e  mean va lue  o f  t he  t empera tu re  
To (x) depends upon d e p t h ,  t h e s e  a t t e n u a t i o n  a n d  p h a s e - l a g  d i s t a n c e  s c a l e s  
a lso depend upon dep th .  
A t  e ach  dep th  cons ide red  in  the  luna r  su r face  and  fo r  each  computed  
model, a one- te rm Four ie r  series was f i t t e d  t o  t h e  computed temperatures  
r 
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and  the  pa rame te r s  T1 (x)  and I $ I ~ ( X )  have  been  p lo t t ed  in  F igs .  7 and 8 .  
Although t h i s  p r o c e d u r e  is  n o t ,  s t r i c t l y  s p e a k i n g ,  a method of  solving 
f o r  U1 ( T )  and V1 (T) i n d e p e n d e n t l y ,   t h e   f a c t   t h a t  - log, c1 T ( x )  /T1 (011 
and  $,(x)  obey a l i n e a r  r e l a t i o n  w i t h  d e p t h  t o  a very good approximation 
i m p l i e s  t h a t  U1 and V1 may be considered depth- independent  a t  t h e s e  
dep ths .  Beyond t h e s e   d e p t h s   t e m p e r a t u r e   f l u c t u a t i o n s  become n e g l i g i b l e .  
One can   de f ine   an   a t t enua t ion   wave leng th   a s   t ha t   dep th   a t   wh ich  . 
and a phase- lag wavelength as t h a t  d e p t h  a t  which 
T h e s e   q u a n t i t i e s  are l i s t e d  i n  T a b l e  I V .  I n   e a c h  case t h e y  d i f f e r  by less 
t h a n  5%, so t h a t  o n e  c a n  c o n s i d e r  t h e i r  a v e r a g e  t o  b e  t h e  e f f e c t i v e  t h e r m a l  
wavelength LIT. A s i m i l a r  p r o c e d u r e  c o u l d  b e  a p p l i e d  t o  t h e i r  h i g h e r  
harmonics.  E q .  ( 3 7 )  can now b e   w r i t t e n   a s  
' r n  -X/LnT 
T ( x , t )  = To ( x )  +I Tne cos - 
n = l  Ln T 
X 
( 3 9 )  
From t h i s ,  one  can  der ive  the  same e q u a t i o n s  f o r  T R ( X , $ , $ , t )  , T R ( A , O , O , t ) ,  
and F,( A )  a s   b e f o r e   e x c e p t   t h a t  now 
In Table  IV t h e r e  is  a l s o  g i v e n  t h e  r a t i o  o f  mean s u r f a c e  t e m p e r a t u r e  
t o  a m p l i t u d e  o f  t h e  f i r s t  h a r m o n i c  f o r  t h o s e  m o d e l s  c o r r e s p o n d i n g  t o  a c o l d  
limb b r i g h t n e s s   t e m p e r a t u r e  of 90°K. Each  of the   e ight   models   under   cons idera-  
t i o n  e x h i b i t s  a r a t i o  v e r y  c l o s e  t o  1 - 3 0 .  From t h i s  r a t i o  and   the  set  of 
p o s s i b l e  p a r a m e t e r s  t h a t  are i n  a g r e e m e n t  w i t h  e x p e r i m e n t a l  a m p l i t u d e  r a t i o  
M = TRo/TR1 v e r s u s  A ,  w e  mus t  conc lude  tha t  
"
i n s t e a d  o f  2 h .  
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Computations have been made o f  t h e  r a d i o  b r i g h t n e s s  t e m p e r a t u r e  a t  
t h e  subterrestrial p o i n t  d u r i n g  a luna t ion  and  an ec l ip se  a s suming  
1 
2 . 4 h  LIT 
K =  I ( 4 2 )  
and the computed values of LIT l i s t e d  i n  T a b l e  I V  f o r  a number of wavelengths 
a n d   t h e   e i g h t   s u r f a c e   m o d e l s   u n d e r   c o n s i d e r a t i o n .   T h e s e   c o m p u t a t i o n s   a p p l y ,  
s t r i c t l y  s p e a k i n g ,  o n l y  t o  t h e  c e n t e r  o f  t h e  l u n a r  d i s k  a n d  s h o u l d  be 
compared  wi th  da ta  obta ined  wi th  a r e s o l u t i o n  o f  be t te r  t h a n  6 '  t o  m i n i m i z e  
s m e a r i n g   o f   r e l e v a n t   d e t a i l .   K r o t i k o v   ( 1 9 6 5 )   p r e s e n t s   c o r r e c t i o n   f a c t o r s  
t o  b e  a p p l i e d  t o  t h e  m e a s u r e d  F o u r i e r  a m p l i t u d e s  a n d  p h a s e - l a g s  € o r  an 
a n t e n n a  p a t t e r n  w i t h  a cen t r a l  l obe  o f  Gauss i an  shape  and  a rb i t r a ry  wid th ,  
b u t  n o  s i d e  l o b e s .  T h e s e  f a c t o r s  were computed f o r  an  assumed  homogeneous 
tempera ture- independent   sur face   model .   Both   o f   these   assumpt ions  may n o t  be 
va l id .   Lev in   (1963)   has   no ted   t ha t   obse rva t ions   w i th  low a n g u l a r   r e s o l u t i o n  
may g i v e  a f a l s e  p i c t u r e  o f  t h e  t r u e  n a t u r e  o f  t h e  l u n a r  s u r f a c e  m a t e r i a l  i n  any 
o n e   r e g i o n .   I n   a d d i t i o n ,   s i g n i f i c a n t   v a r i a t i o n s   i n   t h e   r a d i o   e m i s s i o n   h a v e  
b e e n  n o t e d  o v e r  t h e  s u r f a c e  a t  3 . 3  , 4 ,  and 8 .6  mm. F o r  t h e s e  r e a s o n s ,  I have 
chosen  fo r  compar i son  the  h igh  angu la r  r e so lu t ion  da ta  o f  Low and  Davidson 
(1965) a t  1-1.4 mm, Gary,  Stacey,  and Drake (1965) a t   3 . 3  mm, Kislyakov  and 
Salomonovich  (1963) a t  4 mm, Salomonovich  and  Losovsky ( 1 9 6 2 )  a t  8 mm, 
Koshchenko,  Losovsky,  and  Salomonovich ( 1 9 6 1 )  a t  3.2 cm, and  Mayer, 
McCullough  and  Sloanaker  (1961)  also a t  3.2 cm.  In   each  case the   da t a ,   wh ich  
a p p l y  t o  t h e  c e n t e r  o f  t h e  d i s k ,  h a v e  b e e n  r e n o r m a l i z e d  s o  t h a t  t h e  o b s e r v e d  
and  computed mean t empera tu res   ag ree .  By t h i s  p r o c e d u r e  I am comparing 
obse rved  and  computed  r e l a t ive  t empera tu res  tha t  are u n a f f e c t e d  by s y s t e m a t i c  
e r r o r s  and e r r o r s  i n  t h e  assumed s u r f a c e  r e f l e c t i v i t y .  The 1 . 2 ,  3 . 3 ,  and 4 nun 
d a t a  may n o t  b e  r e a d i l y  c h a r a c t e r i z e d  b y  a one- te rm Four ie r  series and are 
p r e s e n t e d  a l o n g  w i t h  t h e  e i g h t  m o d e l s  i n  F i g s .  9 ,  1 0 ,  and 11. 
A t  each   wavelength   there  i s  good  agreement  between  computations 
f o r  e a c h  model and t h e  d a t a .  The  main e x c e p t i o n  t o  t h i s  i s  t h e  1 . 2  mm d a t a  
a t  t h e  s u n r i s e  t e r m i n a t o r .  T h i s  d i s c r e p a n c y  c a n  b e  a t t r i b u t e d  t o  t h e  f a c t  
t h a t  s h a d o w i n g  e f f e c t s  a r e  i m p o r t a n t  a t  s o l a r  e l e v a t i o n  a n g l e s  b e l o w  2 0 ° .  
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Mean s l o p e s  on t h e  o r d e r  of 10-12O on t h e  scale of one meter have been 
p r e d i c t e d  by Rea, Hether ington ,  and  Mif f l in  (1964)  based  on radar  back-  
sca t te r ing  measurements .  
I n  T a b l e  I1 t h e  computed r e l a t i v e  a m p l i t u d e s  TR1(X) and  phase- lags  
t~~ ( A )  f o r  t h e  f i r s t  term of a F o u r i e r  series a r e  compared with the data  a t  
4 mm and 8 mm and  3.2 c m .  The  good  agreement a t  millimeter wavelengths 
and a t  3.2 c m  s u g g e s t s  t h a t  e a c h  o f  t h e  e i g h t  m o d e l s  may b e  r e p r e s e n t a t i v e  
of a l a r g e  p a r t  of t h e  l u n a r  s u r f a c e ?  b u t  it i n  n o  way d i s c r i m i n a t e s  among 
them. 
Lunar  thermal  emiss ion  has  been  observed  dur ing  a l u n a r  e c l i p s e  
most  recent ly  a t  a v a r i e t y  o f  millimeter wavelengths by Kamenskaya e t  a1 (1965) I 
a t  1 - 1 . 4  mm by Low and  Davidson  (1965)  and a t  . 8  and 1 . 5  mm by  Baldock e t  a1 
(1965) .  
U n f o r t u n a t e l y ,  o n l y  t h e  d a t a  o f  Low and  Davidson  and  the 1 . 2  mm 
d a t a  of Kamenskaya e t  alwere o b t a i n e d  w i t h  s u i t a b l e  a n g u l a r  r e s o l u t i o n ,  
3 '  .9 and > 1' r e s p e c t i v e l y ,  a n d  u n d e r  s u i t a b l e  o b s e r v i n g  c o n d i t i o n s  so  t h a t  
t hey   cou ld   be   r easonab ly   i n t e rp re t ed   i n  terms of t h e  computed r a d i a t i o n  
e m i t t e d  by a s m a l l  a r e a  on t h e  l u n a r  s u r f a c e .  
These data  d i s a g r e e  s i g n i f i c a n t l y  w i t h  e a c h  o t h e r  a n d  w i t h  p r e d i c -  
t i o n s  of a l l  t h e   m o d e l s .   S i n c e   t h e   d a t a  are i n c o n s i s t e n t   b u t   b r a c k e t   t h e  
p r e d i c t i o n s  of the  models ,  one  can  conclude  noth ing  f rom them a t  th i s  t i m e .  
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IX. CONCLUSIONS 
Infrared  and  radio  measurements  can  at  best  give  information 
about the gross  nature of the  thermal  properties of  the lunar  surface 
to  a  depth of a few tens of centimeters.  Each  type  of  data  sheds  light 
more or less  unambiguously  upon  some  aspect of the  problem,  but  any 
proposed  model of the  lunar  surface must be  in  agreement  with  all of 
the  data. 
The logical  starting  point of this  analysis was the  typical 
minimum  temperature of 90°K  for  the  cold  terminator.  Eight  models of 
the  lunar  surface  were  proposed,  including  a  wide  range of t mperature- 
dependent  and -independent properties,  characterized  by  625 < 
A computer  program was written  to  solve  the heat-conduction equation 
for  an  eclipse  and  a  lunation as well  as to compute  radio  and  infrared 
brightness  temperatures  for  any  region  of  the  lunar  disk. This program 
may, with  no modification, be  applied  to  similar  bodies  such  as  Mars 
and  Mercury or may find  application  in  considering  heat  transfer  for 
time-dependent  insolation  problems  such  as  the  decay of a  comet. 
350 1075. 
Each of these  eight  models is  in  agreement  with  infrared  and 
radio  data  at  high  angular  resolution on the  lunar  disk.  However, 
each  model  predicts  a  significantly  different mean radio  brightness 
temperature  dependence  on  wavelength. To the  extent  that  the  intrinsically 
difficult  precision measurements obtained  in  the U.S.S.R. are  free  from 
systematic  errors  that  depend  on  wavelength,  two  models  including 
significant  radiative  energy  transfer  durinq  the  lunar  daytime  appear 
to  be  the most  plausible. 
The mean effective  separation  of  radiating  surfaces  for  these 
models, .16  and  .27 mm respectively (.08 and .11 mm for  a  dieletric 
constant  of  1.51,  suggests  either  porous  frothy  media or grainy media 
consisting  of  particle  sizes  of  this  order  of  magnitude.  Recent  radar 
depolarization measurements of Hogfors  et  a1  (1965)  sugges-t  a  tenuous 
lunar  surface  layer  at  least  20  cm  in  depth  with  a  porosity  greater 
than  60%. 
Given  the  lunar  environment  and  the  fact  that  at  least  the 
mare  regions  consist mainly of large-scale  lava  flows not covered  with 
dust  (see  Kuiper  (1965)),  it  is  plausible  to  assume  the  physical  nature 
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of the lunar  surface material is that  produced  by  an originally molten 
material that  upwelled  and  solidified  in  a  vacuum.  Recent  laboratory 
experiments by Dobar,  Tiffany, and Gnaedinger (1965) have  verified 
that  a  porous medium is produced  when molten silica  is  allowed  to 
upwell in a  vacuum. This material is of low density and  reproduces 
lunar photometric curves  and  discolors  when  irradiated  under  conditions 
simulating  the  solar  wind. 
The agreement between  independent  infrared, radio,  radar, 
photometric measurements, and  laboratory  data  suggests  that  ths  models 
presented  here may be  representative  on a gross  scale  of much of  the 
lunar  surface. 
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TABLE I 
SUMMARY O F  RELEVANT MEASUREMENTS O F  THE THERMAL PROPERTIES - " - ~ 
OF POSTULATED LUNAR MATERIALS 
P G r a i n   S i z e 350 OK K C R 3 5 0  
(gm cm-3)  (mic rons )  ( c a l  cm-loK-lsec-l) 
B e r n e t t  e t  a1 ( 1 9 6 3 )  1 . 4 9   2 0 - 2 0 0  6 . 6   2 . 2  
B u e t t n e r  ( 1 9 6 2 )  2 . 6 1  5 31. 9 . o  
Watson ( 1 9 6 4 )  1 .50  30 4 . 3  1 . 4  
Watson ( 1 9 6 4 )  1 . 5 0  1 0 0  6 . 7   . 6 7  
Watson ( 1 9 6 4 )  1 .50  30 0 1 4 .  . 2 4  
Wechs le r  & Glaser ( 1 9 6 5 )  - 1 0 4 - 1 5 0  6 . 6   . 6  
F o r  y = 1000, c = . 2  
F o r  y = 350, c = .2 
1.00 0 
1 . 0 0  0 
5 .O 5 . 0  
4 1 .  4 1 .  
2 .  
2 . 5  
2 .  
9 .  
5 7 .  
10. 
0 
0 
MODEL PARAMETERS. 
I yc = 1075 209.3 
I yc = 1075 , Y C  = 250(x > 30cm) 210.8 
F = 4.8  x  10-6calcm-2sec-1) 
11 y350 = 885, R = 1, b = 0 217.6 
'I '350 - - 810, R = 2, b = 0 221.5 
'I1 '350 = 750, R = 3, b = 0 225.3 
'I' '350 = 670, R = 1, b = 1 217.8 
''I '350 = 850, a = 1, b = 0 223.2 
111 y350 = 625 , a = 1, b = 1 222.8 
OBSERVATIONS (BEAM WIDTH)  RO ( 1) 
Low and  Davidson  (1965)  1.2mm, 
31.9. 1l.O 229 
Fedoseyev (1963)  1.3mm, 10' 2 19 
Gary eta1 (1965) 3.3mm, 2' .9 19 6 
Kislyakov and  Salomonovich  (1963) 
4 m ,  1l.6  22 8 
Salomonovich  and  Losovsky  (1962) 
8mm, 2' 2 11 
Kaschenko, Losovsky and 
Salomonovich (1961) 3.2cm, 6 22 3 
Mayer, McCullough  and  Sloanaker 
(1961) 3.2cmr  9' 19 5 
247.1 
266.9 
265.5 
274.0 
279.6 
263.0 
272 . O  
266.4 
TABLE 
RADIO DATA  ND CI 
KO TR1(1.2mm) 
(ern-') TRO (1.2mm) 
.096 .578 
-096 .5  72 
.097 .564 
.10 1 -556 
.097 .5 38 
.062 .56 8 
.090 .52 3 
-062 .538 
.555 1 
ABLE I1 
.ND COMPUTED  MODELS 
16.1 -385 27.3 .345 29.5 .2  15 36.5 .06 4 44.4 
16.1 .379 27.3 .341 29.5 .2 10 36.5 .064 44.5 
16.1 .371 27.2 -331 29.4 .205 36.5 .06 4 44.3 
15.4 .36 5 26.3 .327 28.4 .20 3 35 -5 .060 43.4 
15.6 * 349 26.2 .312 28.3 -19 3 35.3 . 0 5 7  43.3 
16.2 .374 27.3 .335 29.7 -20 7 36.7 -06 1 44.5 
15.9 .335 26.8 .29 8 29 .O -184 35.9 .054 43.4 
15.4 .355 26 . O  .318 28.3 .19 8 35.2 .059 43.4 
16 
-377 27 
-189 30 
. 0 76 45 
.061 44 
TABLE I11 
MODELS I N  AGREEMENT  WITH MEAN R A D I O  BRIGHTNESS DATA ~__" 
S 
- Model P a r a m e t e r s  (mm) 
E = 2 . 5  
I yc YC = 1 0 7 5  = 2 5 0 ( x  > 30 cm) " 
11 Y~~~ = 8 8 5  R350 = 1 b = 0 - 1 6  
I1 y 3 5 0  = 6 7 0  R350 = 1 b = 1 - 2 7  
E = 1 . 5  
I y c  
I1 y 3 5 0  = 9 7 5  R350 = 1 / 2  b = 0 - 0 8  
= 1 0 7 5  = 4 6 0  (x > 30 cm) " YC 
I1 y350 = 1 0 3 0  R350 = 1 / 2  b = 1 .ll 
4 . 8  x 10- 6 
3 . 4  x 10" 
3 . 4  x lo"/ 
3 . 3  x 
3 . 4  x 10" 
3 . 4  x 
I 
I 
I1 
I1 
I1 
I1 
I11 
I11 
MODEL PARAMETERS 
" 0 2i9. 
" 0 2 1 9 .  
. 1 6  2 4  .O 2 1 9 .  
. 2 5  3 8 . 1  2 1 8 .  
. 3 2  4 6 . 5  2 1 9 .  
. 2 7  2 6 . 1  2 1 9 .  
" 3 3 . 1  2 1 9 .  
" 33 .O 2 2 0 .  
I 
TABLE IV 
I N F R A R E D  COMPUTED  DATA - 
T0(W T1(0) $1 2 16 &la LIT Tmin,B  Tmid,B or K ~ / P  
(OK) T o ( 0 )  (deg) (crn)  (crn) (OK)  (OK) (OK) (calcm20K-1sec-1gm-1) 
219.2 1.29  3.41 4.14 4.i5  4.15 89.7 98.1 4.33 x 
219.4  1.30  .41  .15  4.20  4.17 90.2 98.5 4.33 x 
3.46 x 
219.2 1.29 3.38 4.17 4.33 4.25 90.0 98.3 3.20 x 
218.7 1.29 3.32 4.33 4.10 4.22 89.5 97.2 2.55 x 
219.2 1.30 3.35 4.59 4.22 4.41 90.1 98.3 2.22 x 
219.6 1.30 3.6: 6.66 6.90 6.78 89.8 98.7 5.54 x 
219.4 1.29 3.43 4.50 4.13 4.32 89.7 98.5 1.99 x 
220.1 1.31 3.73 7.22 6.67 6.94 90.3 99.6 3.63 x 
TABLE V 
HOMOGENEOUS  TEMPERATURE-INDEPENDENT  MODELS 
1.5  400 
1.4 600 
1.3 9 0 0  
1.2 1500 
I 5 0  
- 
P A R A M E T E R S  
R350 = I ,  b =I 
R 3 5 0 =  I , b = O  
R350 2, b = O  
R350 = 3, b =O 
a = I , b  = I  
a = I ,  b =O 
a = - l , b  = O  
1 I I I I I I I I I 
0 500 1000 I500 
FIG. 1. The difference AT between mean surface temperature and the 
asymptotic value of.temperature beneath the surface, assum- 
ing no net thermal flux, plotted as a function of thermal 
parameter y 3 5 0  defined at 350'K. Model Type I1 includes 
radiative conductivity, and Model Type I11 includes a 
general power law approximation to the temperature depend- 
ence of thermal conductivity and specific heat. AT is 
solely a result of nonlinearity introduced into the  heat- 
conduction equation and is  zero when thermal properties of 
the medium are assumed to be temperature-independent. 
FIG. 2. 
/ 1 
2 2 0  [Y 
200 . f Y  
PARAMETERS 
y,,d 1075 
'350 
y,,= 750, R 350= 3, b = 0 
y,,,= 810, R 350= 2, b = 0 
7350= 885, R350= I , b = O  
y350= 950,R 350= I, b = I 
y350= 850, a = I, b =O 
y350= 625, a = I, b = I 
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Curves showing  computed  values of the  mean  component of radio  brightness  temperature at the  center  of  the  disk 
as a  function  of  wavelength.  Data  points  are  those  tabulated in  Krotikov  and  Troitsky  (1963a),  modified to 
correspond to center  of  disk by  use  of parameters  computed by Krotikov  (1965)  and  a  dielectric  constant  of 2.5.
Computed  temperatures  include  surface  reflectivity loss of 5%. Net  thermal  flux of 3.4 x  cal  cm-2sec 
has been assumed,  for  all  models  but one, so as  to  produce a  rate  of  increase  of radio brightness  temperature 
between 3.2  and 50  cm commensurate  with  the  data. A flux of 4 . 8  x  cal  cm-2sec-1 was chosen  for  the 
two-layer  model to  satisfy  the  data  between 0 . 4  and 3 . 2  cm, and  the  lower  layer thermal  parameter  was  chosen 
to  produce  the  observed  increase  in  temperature  betwee!; 3 . 2  and 50  cm. 
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FIG. 3. The minimum surface brightness temperature at the sunrise 
terminator on the lunar equator as a function of y 3 5 0  for 
the models under consideration. 
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FIG. 4. Computed  surface  temperatures  during  the lunar night  are 
compared  for  radiative (11) and nonradiative (I) models. 
The  parameter R350 , the  ratio of radiative to conduc- 
tive  flux at 350°K, is  a  measure  of  the  importance  of 
radiative  energy  transport in these models. Phase 360' 
corresponds  to  the  antisubsolar point. 
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FIG. 5. Computed  surface  temperatures  during  the  lunar  night  are 
compared for temperature-independent  models (I) and 
models (111) in  which  the  thermal  conductivity  and 
specific  heat are proportional to  the  powers a and b , 
respectively,  of  the temperature. 
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FIG. 6. T h e o r e t i c a l   e c l i p s e   c o o l i n g   c u r v e s   a r e   c o m p a r e d   w i t h   t h e   d a t a  of P e t t i t  ( 1 9 4 0 )  
for t h e   O c t o b e r  2 7 ,  1939 e c l i p s e  a n d  l u n a r  r e c t a n g u l a r  c o o r d i n a t e s  ( F  = O . ,  r~ = + .17). 
For t h i s  e c l i p s e  t h e  d u r a t i o n  of penumbral   phase to = 7 4  m i n . ,  a n d  t h e  d u r a t i o n  of 
u m b r a l   e c l i p s e  i s  139  min. o r   1 . 8 8 t 0  . 
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FIG. 7. V a l u e s   o f   t h e   f i r s t   h a r m o n i c   a m p l i t u d e s   o f   t h e   c o m p u t e d   t e m p e r a t u r e  d i s t r i b u t i o n  
o b t a i n e d  by a l e a s t - s q u a r e s  p r o c e d u r e  a t  a n u m b e r  o f  d e p t h s  b e n e a t h  t h e  s u r f a c e  
are c o m p a r e d   w i t h   t h e   s u r f a c e   a m p l i t u d e s   f o r  a number of m o d e l s .   I n   e a c h  case 
a n  e x p o n e n t i a l  d e c r e a s e  w i t h  d e p t h  i s  a n  e x c e l l e n t  a p p r o x i m a t i o n ,  so t h a t  o n e  
c a n  d e f i n e  a t h e r m a l  a t t e n u a t i o n  w a v e l e n g t h  Ela unambiguously as t h a t  d e p t h  a t  
w h i c h  t h e  f i r s t  h a r m o n i c  a m p l i t u d e  d e c r e a s e s  t o  e-1 of  i t s  s u r f a c e  v a l u e .  
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FIG. 8 .  V a l u e s   o f   t h e   f i r s t   h a r m o n i c   p h a s e   l a g s   r e l a t i v e  t o  s u r f a c e   i n s o l a t i o n  of t h e  
c c . n p u t e d  t e m p e r a t u r e  d i s t r i b u t i o n  o b t a i n e d  by a l e a s t - s q u a r e s  p r o c e d u r e  a t  a 
n u m b e r   o f   d e p t h s   b e n e a t h   t h e   s u r f a c e   a r e   c o m p a r e d   f o r  a number of m o d e l s .   I n  
e a c h   c a s e  a l i n e a r  i n c r e a s e  w i t h  d e p t h  i s  a n   e x c e l l e n t   a p p r o x i m a t i o n ,  so  t h a t  
o n e   c a n   d e f i n e  a t he rma l   phase   l ag   wave leng th  t unambiguous as t h a t   d e p t h  
a t  w h i c h  t h e  f i r s t  a m p l i t u d e  p h a s e  l a g  r e l a t i v e  t o  i n s o l a t i o n  i n c r e a s e s  by one 
r a d i a n  r e l a t i v e  t o  t h e   s u r f a c e   p h a s e   l a g .  
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FIG. 9. Computed  radio  brightness  temperatures  at 1.2 nun for the  center of the disk are 
compared  with  the  data of Low  and  Davidson ( 1 9 6 5 ) .  The  discrepancy  between  the 
theoretical  curves  and  the  data  at  the  sunrise  terminator ( $  = 9 0 ° )  may  be  due 
to  shadowing by the  rough  surface. 
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FIG. 10. Computed  radio  brightness  temperatures  at 3 . 3  mm f o r  the  center of the disk are 
compared  with  temperatures  interpolated  from  the  isotherms of Gary, Scacey, and 
Drake (1965) . 
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FIG. 11. Computed  radio  brightness  temperature  at 4 mm for  the  center of the a i s k  are 
compared  witn  the  data of Kislyakov an? Salornonovich (1963). 
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FIG. 12.  Computec: r a d i o   b r i g ! l t n c s s   t e m p e r a t u r e s   f o r  1 . 2  mm a t  t h e   c e n t e r   o f   t h e  disk € o r  
t h e  t o t a l  l u n a r  ec l ipses  o f   D e c e m b e r   3 0 ,   1 9 6 3   a n d  December 1 9 ,  1964  are  c o m p a r e d  
w i t h   t h e   d a t a  of Low a n d   D a v i d s o n   ( 1 9 6 5 )   a n d   E a m e n s k a y a  e t  a 1  ( 1 9 6 5 ) .  ?'he 
c i r c u m s t a n c e s  of t h e s e  c c l i p s c s  a r e  s u f f i c i c n t l y  similar t h a t  t h e  two sets  of 
d a t a   s h o u l d   a q r e c .  
